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ABSTRACT
We prove existence of solutions to

X€—Ax + F(1, x),
x(a)=x°,

where A4 is a maximal monotone operator in R” and F is a multifunction
measurable in (¢, x) and L.s.c. in x, satisfying a sublinear growth condition.

1. Introduction

In [6], Cellina and Marchi proved an existence result for differential
inclusions of the form

1) XE—Ax + F(t, x),

where A is a maximal monotone operator and F is a continuous map with
compact (not necessarily convex) values which verifies a sublinear growth
condition. The main tool used in their proof is a continuous selection theorem
for the map

) x> {ueLI): u(t)EF(t, x(t)) a.e.}

defined on a compact subset of L'(I, R"). This approach goes back to a paper of
Antosiewicz and Cellina [1], who considered the special case 4 = 0 with no
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convexity assumptions on the values of F. The results in [1] were generalized
by Bressan [3] and Lojasiewicz [9] assuming the map F to be:

(a) jointly measurable in (¢, x),

(b) lower semicontinuous in x.

In this paper we show that (1) still has a solution if 4 is a maximal monotone
operator and F satisfies only (a) and (b) above and the same sublinear growth
condition. Our proof follows the same fixed point argument of [6] and is based
on a selection theorem of Fryszkowski [7], which contains the selection
theorems used in [1], [3] and [6]. In fact, Fryszkowski’s result permits a general
treatment of operators of the type (2). The main part of this paper consists thus
in proving that the operator (2) satisfies the assumptions of Fryszkowski’s
theorem.

2. Assumptions and statement of the main result

In what follows, 4 is a maximal monotone operator in R”, i.e. a set-valued
map from a subset D(4) of R” into the subsets of R”, with the following two
properties:

(Al) Vx,, x,€ED(A), Vv,EAx;,, i=1,2,
(M—v X, —X) 20
(A2) the range of I + A is all of R".

It is known that D(A4) is convex, and that Ax is convex closed for any x €ED(A4)

(see [2]).
We will consider a map F from [a, + o0) X D(4)into the compact subsets of
R" with the following properties:

(F1) F(.,.)is £ ® #-measurable, i.c. for any closed set C C R” the set
F~(C):={(t,x)E[a, + 0)XDA): F(t,x)NC # &}

belongs to the g-algebra generated by the sets of the form L X B, where L
is a Lebesgue measurable subset of [a, + o) and B is a Borel subset of
D(4);

(F2) for each ¢t = a, F(t,.) is lower semicontinuous, i.e. for any closed set
C C R" the set

F(t,.)*(C): = {xED): F(t,x)C C}
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is closed in R”;

(F3) there exist two non-negative locally integrable functions «,f:
[a, + oo)— R such that, for every (¢, x)E[a, + ) X D(A),

|F(t,x)] :=sup{|y|: Yy EF(t, x)} S at)| x| + B(2).

In the present paper we study the existence of solutions to the initial value
problem

(P) XE—Ax +F(t,x), x(a)=x"ED(A).

By a solution of (P) we mean a function x €C([a, + ), R") which is
absolutely continuous on every compact subset of (a, + o) and is such that
x(a) = x° and x(t)ED(A) for a.e. t > a and, for some measurable selection

S(.) from F(., x(.)),
P) xX€E—Ax + f(t) forae.t=a

(see [2] and [6]).
Our main result is the following:

THEOREM 2.1. If A is a maximal monotone operator and (F1)-(F3) hold,
then problem (P) has a solution for any x°€ D(A).
3. Some known results

In this section we state some known facts which will be used in the following.
The first lemma illustrates the properties of a maximal monotone differential
inclusion. For any compact interval in [a, + o), we denote by | - |; ; the usual
norm in L/(I): = L'(I, R"), and we set L{ ([a, + ©)): = Li.([a, + x), R")
(i=1ori=cw).

LEMMA 3.1([2, Thm 1.2]). Foranyf€L..([a, + «)) and any initial value
x°€ D(A) there exists a unique solution usto (Py). Forevery t Z a,

(1) — uy(1)] < f "1 As) — g(s) 1 ds

and, given any interval I:=[t, 1 + T}, there exists a constant C depending
only on A such that

laely = ClA+T + | flu)- (1 + lugle) + Ty ()P

As a straightforward consequence of Lemma 3.1 we have that the map
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i:Li(la, + o))— Li(la, + x))
S u

is well-defined and continuous. The next lemma gives a kind of a priori
estimate on the solutions of (P,). We denote by u( -) the solution of (P,) with

f=0.
LeEmMA 3.2 ([6, Lemma 2.1]). Set

v = [ @©)uds)| +Bs))-exp ( [ a(l)dl) ds.

Fix a functionw: [a, + o)— D(A) and let f(-) be a measurable selection from
F(-,w(+)). The following holds:

i 1w() —ut)| S p (), then also |up(t) — uy(t)| =y ().
We now need the following

DEFINITION. A subset H of LY(I) is called decomposable if, whenever
#, vE H and E is a measurable set in I, we have uy; + vy €H. By Dec LI(I)
we denote the set of all closed, nonempty and decomposable subsets of L'(I).

The following proposition will play a central role in the proof of our result.

ProrosiTION 3.3 (Fryszkowski). Let S be a compact metric space and
G : S —Dec L\(I) be a lower semicontinuous multivalued map with decompos-
able values. Then there exists g : S — L'(I), a continuous selection from G .

For the proof, see [7] and [4, Thm 3].
In the following #*(4, B) will denote the separation of a set 4 from a set B,
i.e.

h*(4, B): = sup d(n, B).
nE€A

4. Proof of the main result

In order to apply the selection theorem of Fryszkowski, we need the
following resuit.

ProrosITION 4.1, Let F be as in Section 2, I be a compact interval in
[a, + ) and let K be a compact subset of L\(I), bounded in L*(I). Then the
operator
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G:K—Dec L\(I)
x> {(uELI): u(t)EF(t, x(t)) fora.e. tEI}
is well-defined and lower semicontinuous.

ProoF. It is easily seen that G(x,) = G(x,) whenever x,(-)=x(-) a.e.
Moreover G(x) clearly is decomposable, for any x € K. In order to prove the
lower semicontinuity, let C be a closed subset of L!(I) and let (x,) be a
sequence in K converging in L'() to some x, in X and such that G(x,) C C. We
just need to prove that G(x,) C C or, since C is closed, that

(3) h*(G(x), G(x,))—~0 asn—co.

Let X, (resp. X;) be Borel functions such that X, = x, a.e. (resp. X, = x; a.e.). We
begin by proving the following

CLAIM,
fl RHF (L, 3(0), F(t, Zo()dE—~0  asn—co.
Proor OF THE CLAIM. Set
m(0) = ¥E SO, FO 20N, 1= [ ha(od.

First of all we remark that the maps
t F(1, %(2)),  tw> F(2, X,(2)

are measurable. Next we show that £,(-) is measurable. By Theorem 3.5(e) in
[8], the map

(t,2) > d(z, F(t, £,(1))
1s Carathéodory, and by Theorem 6.5 in the same paper the multivalued map
given by
O(t) = {d(z, F(¢, X,(2)) : zEF(¢, %o(2))}

1s weakly measurable. Hence Theorem 6.6 again in [8] gives the measurability
of h,(-).

Now we will prove that every subsequence (7,,) of (5,) has a subsequence
converging to 0. In fact (x,,(-)) contains a subsequence (still denoted (x,,(-)))
converging to xy - ) a.e. Then the lower semicontinuity of F(z, -) together with
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the fact that the values of F are compact implies that 4, (¢)— 0 for a.e. t E].
Moreover, by (F3) and recalling that X is bounded in L*=(I),
b, () = h¥(F(t, X(2)), F(t, £,,(1)))

= hX(F(t, 2(0)), {0)) + A*({0}, F (¢, %, (1))

= |F(t, X)) + | F(t, X, ()]

= o)1 )] + [Xn (D1} + 28(1)

= 2{Ma(t) + B(1))
for a suitable constant M. The Lebesgue dominated convergence theorem
gives

Moy = f ho(t)dt—0 ask—ow
I

and this proves the claim.

Finally, in order to prove (3), fix # €G(x,) and consider the multivalued
function

T,:t— Bu(), h,(t)+ 1/n) N F(2, %,(1)),

which clearly has closed nonempty values. To show that I, is measurable, it is
enough to prove the measurability of the map

Wt Bu(), h,(t) + 1/n)

(see [8, Thm. 4.1]). But ¥ is the composition of the measurable map ¢
(#(2), ho(2) + 1/n) with the continuous map (x, r) — B(x, r), hence is mea-
surable. Therefore we can choose a L! selection u, from I',. Clearly u, €G(x,)
and we have

uy — iy < f (h.(2) + 1/n)dt.
I

By the above claim, the right-hand side of this inequality converges to 0 as
n — co, uniformly in 2. Hence (3) is proved.

Proor oF THEOREM 2.1. We will follow essentially the proof of Theorem
2.2 in [6]. Define K as the closure in L([a, + o)) of the set of those
absolutely continuous functions v having the following properties:

(i) v(a)=x°and v(1)EDW) (t = a);
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(1) [v(@) —u()| =y @)tz a);
(ii1) for every interval I =[1,7+ T](zr Z a),
[Vl = CI(1L+ T + NIDY1 + M) + r(v)),

where
M(I)=exp (fz a(t)dt) . fz () ult)| + B())dt + |uolwr,
NI = M(D) fl a(t)dt + fl B(1)dt,

r(1) = |ulr)| +2 f " @)\ udt)] + B(E))exp <2 f i a(s)ds)dt.

It is easily seen (as in [6]) that K is nonempty, convex, compact in
L} ([a, + «)) and bounded in LE([a, + )).
Set,forn=1,2,...,

I,:=[a,a+n], K,:={v I,_:vEK}CL‘(I,,).

We will construct recursively a sequence of continuous maps g, : K, — L'(I,)
verifying, for each x €K,

4) 2,(X)DEF(t, x(1) forae. t€1,,
(5) ifn>1, g&x)t)=g,_(x)(t) forae.t€l,_,.

Define the operator G, in the same way as G with K, in place of X, and, for
n > 1, assuming that g, _, has already been defined, define the operator

G,:K,—DecL'(l,)
x> {WELNI,): u(t)EF(t, x(t)) fora.e. t€I,and
u(t)=gy,_(x)t)forae.t€I,_\}.

By Proposition 4.1 and Proposition 3.3, the operator G, has a continuous
selection g,. Therefore we can consider the operator G,, and it is not difficult to
see, in view of Proposition 4.1, that it is lower semicontinuous. Applying again
Proposition 3.3, we see that G, admits a continuous selection g, which, by
construction, satisfies (4) and (5). Similarly, for any n > 2, we obtain g, from
£, satisfying (4) and (5). Now we define

g:K—Li(la, + ©))
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by setting g(x) l," =g,(x),n=1,2,....
Using (4) and (5), it is easy to see that g is well-defined and continuous and
satisfies

gxX)t)EF(t,x(t)) forae.t=a.
To conclude the proof we define, as in [6],
s: K= Li(la, + o)),
x> i(g(x)).

The map s is continuous and, by Lemma 3.2, s(K) C K. Since K is compact and
convex, the theorem of Schauder-Tichonov yields a fixed point of s, which is a
solution to (P).
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